[1] Hedging rule policies for reservoir operations accept small deficits in current supply to reduce the probability of a severe water shortage later. This paper expands a theoretical analysis and develops a conceptual two-period model for reservoir operation with hedging that includes uncertain future reservoir inflow explicitly. Extended analysis of the model properties and influencing factors is presented with a general utility function, addressing (1) the starting and ending water availability for hedging, (2) the range of hedging that is related to water demand levels, (3) inflow uncertainty, and (4) evaporation loss. Some intuitive knowledge on reservoir operation is proved or reconfirmed analytically; and new knowledge is derived. This theoretical analysis provides an updated basis for further theoretical study, and the theoretical findings can be used to improve numerical modeling for reservoir operation.
Introduction
[2] Reservoir operation for water supply is not always rational to satisfy the full current demand, because of the possibility of larger water shortages in the future. Hedging rule policies are designed for rationing water supply in appropriate preparation for potential low inflows in the near future. These policies accept some present delivery deficit to reduce the probability of greater water or energy shortage in the future [Bower et al., 1962] . The application of hedging in finance offers insight for hedging in reservoir operations. The objective of hedging in finance is to avoid risk through purchasing an additional portfolio; the perfect hedge ends with a portfolio that eliminates the risk completely. A comparable application of hedging in reservoir operations is to keep water for later use to reduce the risk of water shortage in the current and future time period.
[3] Following a procedure similar to Rippl's [1883] method, standard operating policy (SOP) [Maass et al., 1962; Loucks et al., 1981; Stedinger, 1984] was developed for reservoir operation under a fixed water delivery target. SOP releases water as close to the delivery target as possible, saving only surplus water for future delivery. When the objective of reservoir operation is to minimize the expected value of deficit over the decision horizon or any other linear function of deficit [Klemes, 1977 [Klemes, , 1979 , SOP is the optimal operating policy [Burness and Quirk, 1981; Hashimoto et al., 1982] . SOP is practical during periods of operation when inflow is plentiful. However, it neglects consider potential shortage vulnerability during later periods.
[4] Hedging was first introduced for rationing operation according to time preference of water storage in the field of natural resources economics. Masse [1946] analyzed reservoir operation problems using the economic concept of marginal value. He introduced the use of ''reserves'' or ''stocks'' of water to avoid or reduce shortages in the future. Following Masse, Gessford and Karlin [1958] presented a general mathematical analysis for optimal reservoir release policy and discussed the conditions of the existence of an optimal policy. Bower et al. [1962] , during the Harvard Water Program in the 1960s, were the first to provide a systematic economic description of hedging rule in water resources systems operations, which addressed the allocation of resources over time and sought the intertemporal maximum benefit under a dynamic framework. This study laid the economic basis for hedging.
[5] Hedging for reservoir operations did not draw much attention during the next decade after Bower's study during the Harvard Water Program. It was not until the late 1970s that hedging received attention from the hydrologic engineering community [Klemes, 1977; Stedinger, 1978; Loucks et al., 1981; Hashimoto et al., 1982] . These studies used various forms of planning and management objectives to optimize reservoir operations and demonstrated the concept explained by Bower et al. [1962] with explicit consideration of hydrologic and engineering constraints. Hedging was interpreted with stronger implications for operations than for economic efficiency: ''providing only portion of the target release, when in fact all or at least more of the target volume could be provided'' [Hashimoto et al., 1982, p. 18] . Following these studies, hedging has been explored to resolve reservoir operation problems focusing on minimizing utility loss or water supply deficit over drought periods [e.g., Shih and ReVelle, 1994, 1995] .
[6] Most recently, hedging was again addressed in the context of economic water operation. Draper and Lund [2004] expanded the objective of hedging from reducing gross loss to increasing net benefit by replacing water supply deficit with water use benefit. They argued that hedging rules curtail deliveries to retain water in storage for use in later periods. This procedure obtains a larger overall benefit so that [Draper and Lund, 2004, p. 83] ''hedging provides insurance for higher-valued water uses where reservoirs have low refill potentials or uncertain inflows.'' Under such an economic analytical framework, Draper and Lund illustrated dynamic equilibrium under hedging and demonstrated the efficacy of hedging in balancing current and future utility with a given utility function (also see details by Draper [2001] ). Draper and Lund's findings have stimulated further research on how the balance is influenced by various factors such as hydrologic and economic uncertainties.
[7] Following Draper and Lund [2004] , this paper expands a conceptual model with a focus on analyzing optimal decision conditions by the marginal utility principle. On the basis of the model properties, several questions about the concept and realization of hedging are addressed, including (1) at what level of current water availability should hedging be considered, and how is the level affected by water demand and reservoir inflow, (2) under what conditions is a hedging trivial, (3) what is the effect of inflow uncertainty on hedging, and (4) what is the effect of reservoir evaporation on hedging? Through exploring these questions, we can better understand hedging for reservoir operations.
Conceptual Model and Analysis
[8] The uncertainty of future reservoir inflow complicates the analysis of hedging. This paper explicitly considers the uncertainty in a conceptual model. The model is based on the marginal utility principle. The ''ideal'' hedging rule is first derived; following that by an integrated economic engineering approach, the realistic solution is discussed subject to physical constraints such as reservoir storage capacity and water delivery capacity.
Expansion of a Conceptual Model to Incorporate Uncertain Future Inflow
[9] A classic two-period model in natural resources economics is constructed, considering a single consumer and intertemporal allocation of water as first introduced by Fisher [1930] . This model defines economic value by a utility function of a composite user. According to Draper and Lund [2004, p. 85] , the condition for the optimal hedging is stated as ''at optimality the marginal benefit of storage must equal the marginal benefits of release'':
Where B(.) is the current water delivery benefit, D is the water delivery, C(.) is the carryover storage value function representing the expected value of water stored now (S) for all future time periods. Both B(.) and C(.) are nonlinear utility functions. Note that when the utility or loss function is linear, SOP is the optimal operating policy [Hashimoto et al., 1982] . The sum of D and S represents the current water availability (A):
[10] Equation (1) does not explicitly account for future inflow to the reservoir but implicitly considers this information in C(S). The carryover storage value (C) can be a nonlinear function of the second and future periods of inflow. According to the principle of decreasing marginal utility, the marginal value of carryover storage will decline with additional water availability. Therefore neglecting future water availability may not lead to an optimal total benefit over two periods. To account for the effect of the second-period inflow, the model proposed by Draper and Lund [2004] is modified by introducing the second period inflow (I f ). The total water availability in two periods is:
in which A represents water availability in the current period, which is a known item in the two-period model. For simplicity, evaporation is temporarily ignored in equation (3), but it will be considered later in this paper. We introduce another utility function, E(.) to represent the expected utility generated for future delivery. The two-period model is to maximize the profit in two periods, subject to the mass balance relation:.
Both B(.) and E(.) are concave functions expressed in present value. The concavity of utility for water stored for the future was originally proved by Gal [1979] and illustrated further recently by Draper and Lund [2004] . It should be noted that the definition of the storage variable (S) differs from that by Draper and Lund [2004] , who defined S as the water available for the future time period including future inflow. In our study, S is the reservoir storage saved from current period into the future.
Economic Solution: Ideal Hedging Rule
[11] Equation (4) represents a pure economic model without considering engineering constraints. Equation (4) can be written in a Lagrange form:
where L is Lagrange function and l is Lagrange multiplier. We further assume that I f has an independent identical distribution (IID). IID means that a collection of random variables (I f ), for example, annual reservoir inflows in different years, have the same probability distribution, but the distributions in different years are mutually independent. The IID assumption is not suitable for some cases such as multiple-year nested droughts, which imposes a restriction for the following analysis. However, a classical two-period model usually assumes the nonexistence of correlations between the two periods.
[12] Following the assumption of IID, a partial differential of I f over any variables is zero because of its independence; that is, decisions cannot influence the occurrence of I f . In equation (5), it is also known that l 6 ¼ 0 for an equality constraint. Applying the first-order condition to the Lagrange function:
from which a new optimal condition can be represented as: ð7Þ [13] Compared to equation (1), equation (7) explicitly accounts for uncertain future inflow in the next period. For a two-period model, the water availability to the second period (S + I f ) is the water delivery in the period. This implies that no water should be left at the end of the second period if the total water availability in the two periods is less than the total demand. This reflects the decision mechanism but also the limitation (i.e., shortsighted decision) of the classic two-period model commonly used in natural resources economics. Thus the right-hand side (RHS) of equation (7) represents the marginal value of water delivery in the second period. Equation (7) represents the principle of marginal value, which can be expressed in general for two consecutive periods:
(Since @I f = 0, we can write @S = @(S + I f ).
[14] This is consistent with a general marginal analysis conducted by Masse [1946] . It also represents a well-known ''Pareto efficiency'' which states that no period can be improved without making sacrifices from another period. In this model, the two periods compete for water. When they have the same marginal utility, the total utility from two periods reaches the optimal value. When the periods (t 1 , t 2 . . .) are long (e.g., annual) and discount rates are significant, the marginal utility in future periods is expressed in present value.
[15] Considering the duality of equation (4), the original problem can convert into a dual problem that minimizes water supply under a given utility. Figure 1 shows the isoquant curves associated with different utility levels (dash lines labeled as U 1 , U 2 .). If the isoquant curve is smooth and convex, the minimum water use can be located at the tangent point of line A total = S + D + I f (dotted lines labeled as A total 1 , A total 2 . ) to the isoquant. By linking these points, the path of optimal solutions under various levels of water availability is presented in Figure 1 . The optimal release policy in Figure 1 follows the trajectory of equation (7).
Combined Economic Engineering Solution: Realistic Hedging Rule
[16] The trajectory in Figure 1 represents the expansion path for different water availability levels, which represent the optimal solutions for various water availability levels, i.e., the interior solution of a dynamic reservoir operation problem. The expansion path exists only when the solution is not constrained by a bound or constraint. This occurs only when the reservoir is partially filled and unbounded by storage capacity and minimum storage constraint. In the real world, the levels of inflow and delivery and reservoir capacity could lead to an empty or full reservoir. If such constraints are imposed, part of the curve will be located in the infeasible region. To identify the infeasible region and determine a practical optimal release policy, the economic solution is compared with SOP, which is a feasible policy under hydrologic and engineering conditions such as reservoir capacity and storage-release relationships. Figure 1 is redrawn by the shifting horizontal axis from the second period inflow (S + I f ) to current water available (A), i.e., moving the horizontal coordinates by (I f À D). The relationship between current water available and current optimal delivery is demonstrated in Figure 2 .
[17] In Figure 2 , the shaded region represents the infeasible solution space because the current delivery exceeds current water available (transferring water from a future period to the current is not possible). Physical constraints added to the economic model characterize a feasible solution space for the economic optimization problem, which is bounded by the solid line before the critical point (D 0 , A 0 ). The decision represented by the solid line would deliver all available water, which is the same policy as SOP in the lower range of water availability. The delivery equals the current water availability, D = A, before the point, while the delivery is less than the current water availability, D < A beyond the critical point. After the critical point, water is stored in the reservoir. The critical point is discussed further later in the paper.
[18] Next we compare hedging to SOP from a conceptual perspective. The SOP (1) delivers the target demand if water is available, (2) retains extra water in storage before reservoir is full, and (3) spills when capacity is exceeded, as plotted in Figure 3 . As Klemes [1977] and Hashimoto et al. [1982] pointed out, SOP provides the optimal solution to a dynamic reservoir operation problem if the objective is to minimize the total release shortfall. However, SOP does not have a mechanism for either rationing supplies for future demand when water is insufficient or releasing more water when a surplus exists [Stedinger, 1984] . Hedging, a combination of the economic principle (equation (7)) and the physical conditions embedded with SOP, is supposed to improve SOP where there are convex costs for shortage (concave value for delivery) and sufficient hydrologic persistence of dry periods.
[19] To plot a complete diagram for the hedging policy, Figure 2 needs to be modified by adding the constraints for delivery. The delivery should be nonnegative (D ! 0) and less or equal to current water available (D A). Moreover, the upper bound of delivery should not exceed demand, denoted as D m . Combining these conditions, we have:
[20] With the constraints on delivery, Figure 2 is redrawn to have Figure 4 , which shows a modified SOP as shown in Figure 3 . The hedging rule exactly follows SOP in curve sections 1, 2, and 3. However, in section 4, the release under the hedging rule is less than the SOP (the level of current demand). Hedging starts from the ''critical point'' (D 0 , A 0 ), which is also marked as the point of ''starting water availability'' (SWA) and ends with the point of ''ending water availability'' (EWA). In this section, water is ''shared'' between release for current demand and storage for future demand following the hedging rule. When current water availability is too small (less than the critical availability or A 0 or SWA) or too large (greater than EWA), there is no need for hedging and reservoir operation follows SOP. Draper and Lund [2004] presented a similar analysis.
[21] The effect of reservoir capacity on the hedging rule is shown in Figure 4 , making a larger range of section 4 applicable to a larger reservoir capacity. Smaller reservoir capacity limits the role of hedging. In particular, Figure 5 shows a situation where hedging is not applicable for reservoir operation. The upper curve, hedging, from Figure 2 , is the ideal solution from the economic model, which is above the bold line representing SOP under physical constraints. Then section 4 as shown in Figure 4 does not exist in Figure 5 . Such a situation could occur when future inflow (by average) is large enough and hedging is not needed. The release is constrained by the maximum demand and delivery capacity and the operation follows SOP.
Extended Analysis
[22] Following the conceptual model presented above, some properties of the model will be derived and an extended analysis will characterize the starting and ending conditions (EWA and SWA) of hedging and examine the major factors of hedging, including water demand, reservoir inflow uncertainty and evaporation loss for this two-period model. First, a ratio of water delivery to total water availability is defined as below:
in which here k H is the ''delivery ratio'' under the hedging rule. The current delivery (D) will need to satisfy the conditions given above, which are related to current available water, future inflow and the utility function. To maintain the generality of the analysis, a general utility function is assumed. k H is characterized by the following two properties, and the proofs of both are given as appendices of this paper. In, Property 1, k H exceeds 0.5 for a stationary utility function (i.e., the form of the function does not change with period). In Property 2, k H is a constant if B 00 (D)/E 00 (S + I f ) is constant and the third and higher order of differential is negligible (e.g., if the utility function of both periods is quadratic).
[23] Property 1 interprets the time preference for intertemporal water allocation. That is, premium will be given to water demand in the current or near future periods, compared to next or further future periods. k H 0.5 means zero or negative time preference, which is usually unreasonable. Property 2 provides the condition for the so-called linear hedging rules. Among different hedging rules, linear hedging has been frequently examined [e.g., Shih and ReVelle, 1994; Bayazit and Unal, 1990 ]. Draper and Lund [2004] showed that linear hedging is applicable when a quadratic utility function is assumed. Property 2 provides a more general condition for linear hedging. You and Cai [2008] derived k H with a particular utility form. In the following, these two properties are used for some extended analyses of the conceptual model.
SWA and EWA: The Range of Current Water Availability Suitable for Hedging
[24] The concept of SWA and EWA was discussed by Bayazit and Unal [1990] , who extended the reservoir operation example presented by Loucks et al. [1981] . The study related SWA to the emptying period and EWA to the filling period and tested several scenarios of SWA and EWA by trial and error. Although the study demonstrated the existence of SWA and EWA, it did not provide a rigorous approach for identifying the optimal values of SWA and EWA with hedging. We derive SWA and EWA using the conceptual model and its properties presented above. Recalling Figure 4 , SWA and EWA are associated with two points (starting point P1 and ending point P2), respectively:
[25] Further, at P1, D 0 = A 0 and A total = A 0 + I f (referring to Figure 2 .) P1 implies a threshold condition when the marginal value of water use in the second period (responding to one unit of water is stored) is equal to the marginal value of water use in the first period. Before P1, the former is higher than the latter, which leads to the decision of releasing an additional unit of water rather than holding it in storage and current water availability (A) should be all delivered. Mathematically P1 has by the following relationship:
[26] When water availability goes beyond A 0 , for the additional availability A À A 0 , hedging determines how much is allocated to ''delivery'' and ''storage'', respectively, before reaching to another critical point P2,
is the upper bound for hedging due to the delivery capacity or maximum demand. After P2, it may be preferable to deliver more but it is constrained by delivery capacity.
[27] The hedging rule is justified by the condition of the current water availability and future inflow. With knowledge of A and I f , we may evaluate the range for applying the hedging rule for the two-period model, which is:
or
[28] The left-hand side is the SWA and the RHS is the EWA. By equation (15), higher inflow and higher k H will increase the value of SWA; higher inflow, lower demand and higher k H will decrease the value of EWA. Both sets of conditions will reduce the range of A for hedging. The role of hedging is reduced when water demand is low relative to water availability.
[29] In equation (15), k H is a constant for particular forms of the utility function (Property 2 and further discussion by You and Cai [2008] . However, I f is unknown, which is assumed to be characterized by IID. Thus equation (15) presents a conceptual relationship for EWA and SWA but it cannot explicitly determine EWA and SWA. You and Cai [2008] present the procedures to determine the value of EWA and SWA using a numerical model based on this relationship and a specific utility function.
Water Demand Effects
[30] From equation (15), we have:
[31] If I f is replaced by a statistical mean value of inflow I, then an index a = D m /I is introduced to represent the level Figure 5 . A situation where hedging rule is not applicable. of development, a common index for water supply systems [Vogel and Stedinger, 1987] . Combining Property 1 and equation (16), we have the range of k H as:
which provides a feasible range of water delivery at the current period under different water demand levels, and forms a constraint to the optimal solution determined from equation (10) (an economic solution). The lower bound represents time preference and the upper bound is based on delivery capacity. To be feasible, equation (17) requires a > 1, i.e., D m > I, which is reasonable since if maximum demand is generally less than the inflow, there is no need to reduce current delivery and carryover water to the future periods, except for storing spills in wet periods to regulate seasonal variability. Thus, for areas in which water requirement is not high and water resource shortage is unlikely (small a), equation (17) is less likely to be true, and the hedging rule is trivial. Moreover, the RHS increases with, i.e., the range of k H increases with, a. When a goes to infinite, the upper bound of k H approaches to 1.0. This shows that when the maximum demand is high (relative to long-term average inflow), delivery can be a large fraction of A total , depending on the marginal utility principle (equation (7)).
Impact of Uncertainty
[32] Uncertainty is the major factor on hedging. If the forecast of future water availability and demand is perfect, then hedging becomes easily. Here we analyze the impact of reservoir inflow uncertainty on the hedging rule. Considering the random variable of reservoir inflow in the second period, I f , we express it as I f = I + e, where I is the mean value of inflow e is an unbiased noise variable whose mean is zero. Equation (7) is then rewritten as:
Here EV[] represents the expected value and. Expand the RHS of equation (18) in terms of e:
By definition, EV[e] = 0 and EV[e 2 ] = s 2 (s is standard derivation of e). Neglecting the high-order terms, equation (19) becomes
For a general utility function of water, the 1st derivative represents the marginal profit; the 2nd derivative is negative for diminishing marginal utility. To further explain the third derivative, we introduce the prudence defined by Kimball [1990] , which represents the strength of the precautionary saving motive. Following Leland [1968] and Sandmo [1970] , economists have paid much attention to the precautionary saving motive, which states that people take action of saving not only to smooth consumption, but also because they are uncertain about the future. This is also the purpose of hedging for reservoir operations or broad water stress management; people save water for both reasons. Kimball [1990] showed the prudence of the value function as equation (21).
which measures the convexity of the marginal value function, i.e., the intensity of the precautionary saving motive. Substituting equation (21) in to equation (20), we have
[33] Since E 00 (.) < 0 (diminishing marginal utility) and m(.) > 0 (positive precautionary saving motive), the second item in the RHS is greater than zero, and B
, which shows the marginal utility in the future period will be reduced if uncertainty is considered, compared to a perfect forecast. To convert the stochastic form into a deterministic one, we may introduce a positive, deterministic term (d) to equation (22):
[34] Because hydrological uncertainty increases the future marginal utility, as shown in Figure 6 graphically, the future utility function is given a level of consumption moving left and upward, and the equilibrium shifts from point A to B. That is to say, delivery ratio will decrease because of uncertainty with the assumption of diminishing marginal benefit and positive precautionary saving motive rules. Under this mechanism, hedging will reduce the current delivery to face the future risk. Figure 7 shows the shift of delivery policy curve, where Point A represents the equilibrium under a deterministic resource level, and point B represents the equilibrium under uncertainty. The shift depends on the concavity and the precautionary saving motive of utility function. This can be related to price elasticity, which controls the concavity of a utility function. A higher price elasticity means a less concave of a utility function; whereas precautionary saving in response to risk requires the convexity of the marginal utility function. Therefore, with high price elasticity (i.e., lower concavity of the utility function), low precautionary saving motivation (i.e., weak convexity, of the marginal utility function), and low natural variability (i.e., small variance [s] of inflow), the impact of uncertainty on hedging rule will be less significant, according to equation (22).
Evaporation Loss Effects
[35] Hedging is motivated by economic incentives such as risk aversion, but is also influenced by physical conditions. Evaporative loss from the reservoir surface could affect reservoir operation policies including hedging [Burness and Quirk, 1981; Booker and O'Neill, 2006] . We use the conceptual model presented above to analyze the effect of evaporation on hedging decisions.
[36] Defining evaporation loss as l(S), a function of storage, equation (7) is rewritten as:
Use the chain rule in derivation,
[37] On the RHS of equation (25), @l S ð Þ @S represents the evaporation loss and (1 À @l S ð Þ @S ) represents the fraction of the water that can be delivered for use in the second stage; each unit of water to be delivered is worth E 0 (S + I f À l(S)). Equation (25) has the same form as the Euler equation in natural resources economics [Hotelling, 1931] . Suppose the reservoir manager contemplates whether to save one more unit of water for next time period, which will reduce current consumption by one unit, at utility cost of B 0 (D). That unit of water is subject to evaporation loss at a rate of
@S ) unit of water can be used in next period at a marginal value of E 0 (S + I f À l(S)) (in present value). Equation (25) shows the involvement of the variation item (1 À @l S ð Þ @S ) in the condition of optimal decision (essentially the first_order condition).
[38] Further, we relate evaporation loss to the surface area, A of a reservoir,
[39] Let Ep = @l A ð Þ @A , which is the evaporation rate, where @A @S represents the topologic relationship of a reservoir, and a larger value of this term reflects a larger reservoir surface area for a given reservoir capacity. Equation (26) shows that higher evaporation rates and larger increase of reservoir surface area with storage (reservoir topology) will aggravate the effect of evaporation loss on the marginal values of water in the current and future periods. Evaporation discounts the future marginal benefit and reduces optimal hedging. An extreme, but unrealistic case occurs when @l S ð Þ @S approaches to 1. This means the total water storage will decrease because of 100% of evaporation. This leads to B 0 (D) = 0 in equation (23). This is the first-order condition for a static decision in the present period. This implies that the dynamic framework reduces to a static decision mechanism because water storage for the future is inefficient.
Conclusions
[40] This paper expands a theoretical analysis presented by Draper and Lund [2004] and develops a conceptual twoperiod model for reservoir operation with hedging that includes future reservoir inflow explicitly. While this theoretical analysis provides an updated basis for further theoretical studies, the theoretical findings can be used to enhance the numerical modeling for reservoir operation with a specific utility function.
[41] Extended analysis of the model properties and influencing factors is presented with a general utility function, through which, some intuitive ideas of reservoir operation have been reconfirmed. For example, hedging is trivial when water demand is small relative to water availability and/or reservoir capacity is small and evaporation loss reduces the role of hedging rule in reservoir operation. Some insights derived from the analysis include (1) because of time preference, priority should be always given to the current demand even under the hedging rule (the delivery ratio is greater than 0.5 in the two-period operation, Property 1); (2) hedging can be implemented by a simple way with a constant delivery ratio (linear hedging rule, Property 2) when the second order of the utility function in the current period is linearly proportional to that in the future period; (3) given water demand and a predicted future inflow, hedging is only applicable within a range of the current water availability and outside of the range; that is, if the water availability is either too low or too high, the role of hedging is trivial; (4) optimal hedging is related to the level of water resources development in a region, and a wider range of hedging corresponds to higher water demand levels relative to water availability in the region; and (5) risk due to future uncertainty motivates the adoption of hedging to reduce the probability of more severe water shortage in future periods, but high price elasticity and low precautionary saving motivation diminish the effect of uncertainty on the hedging rule. These findings, some of which are extended from Draper and Lund [2004] , provide general guidelines to develop reservoir operation rules and policies under hedging, as demonstrated further by You and Cai [2008] with a specific form of utility function.
[42] The two-period model presented in this paper is a simplified case of the real world. However, the simple model provides implications for the real case of three or more periods. When the third period is wet enough to satisfy all third period water uses, fill the reservoir, and then spill, then the two-period model represents the true and optimal case. When inflow is insufficient in the third period, then the second period storage will be needed for another period; that is, the future inflow after the second period will only increase the tendency of store water [Draper and Lund, 2004] . In practice, the two-period model can be rolled over any number of future periods if it is assumed that the decision horizon is limited to the current and next period [Fisher, 1930; Samuelson, 1958; Sethi and Sorger, 1991] . By this way, the effect of coming periods can be considered and a near-optimal operation can be obtained. Moreover, a two-period model is suitable for the cases with long periods (e.g., annual), for which, the marginal utility of the current period is equal to the present value of the future period.
[43] Moreover, because of the limitation of theoretical derivation, some analysis is left without an explicit result, for example the bounds of water availability for hedging. Even with a specific utility function, the complexity of the problem will not allow us to derive a closed form analytical solution for the reservoir operation program. You and Cai [2008] develop a numerical model based on the theoretical analysis presented in this paper to further examine these limitations, as well as to verify the theoretical derivations presented in this paper.
Appendix A
[44] For Property 1, k H is greater than 0.5 for a homogenous utility function. Assume the utility function is identical for two periods, then according to the definition of k H in equation (7),
However, because of the time value, the current value is always higher than the future value for the same input; that is, B(.) > E(.). Moreover, according to marginal decreasing principle, B 0 (.) < E 0 (.) if B(.) > E(.). Therefore B 0 (D) = E 0 (S + I f ) (equation (9)), only if D > S + I f which leads
Appendix B
[45] For Property 2, k H is a constant if B 00 (D)/E 00 (S + I f ) is constant and the third and higher order of variance are negligible. Given B 0 (D) = E 0 (S + I f ) (equation (7)), assuming very small change of D and S, DD, and DS, DA total = DD + DS, then
Applying the Taylor expansion and assuming the third and higher order of variance are negligible,
Since B 0 (D) = E 0 (S + I f ), B 00 (D)DD = E 00 (S + I f )DS Given B 00 (D)/E 00 (S + I f ) = constant,
That is, considering a boundary condition: if A total = 0, then D = 0 , we have D = c Á A total and c is a constant. Therefore k H = D/A total = c = constant.
